On the basis of new integral representation proposed by Fairlie and Martin, we develop a manifestly super-gauge invariant formulation of the Neveu-Schwarz model. We show that the Fairlie-Martin representation is invariant under wider trafisformations (super-Mobius transformations) than the usual Mobius transformations. The corresponding algebra (superMobius algebra) is a closed subalgebra of the super-gauge algebra. The operator formalism is reconstructed as a representation of the super-Mobius algebra. As a generalization of our formulation, we introduce closed-string emission vertices for the Neveu-Schwarz open-string which are manifestly covariant under the super-gauge transformations as well as the confotmal transformations. Finally we discuss briefly the general representation theory of .the s~per Mobius algebra. Unfortunately, the representation appeared in the Neveu-Schwarz model is essentially unique as the representation of the full super-gauge algebra. However, two types of_ the mass spectrum are possible. § 1. Introduction
The Mobius group structure underlying the Veneziano model, first recognized by Koba and Nielsen/> has been playing important roles in the development .of the dual theories. In particular, the point of view that the operator formalism can be thought of. as a representation of the Mobius group provides a very transparent mathematical framework for duality/> factorization 3 > and for further genera~ lizations of dual models. 4 >.s> Now, we know that the Neveu-Schwarz model 5 > has deeper group structure, i.e., the super-gauge structure, than the conformal group which is a direct extension of the Mobius group. However, it seems that the structure of this new symmetry has not so well been understood as that of the conformal symmetry. Especially the usual operator formalism is not manifestly covariant under the super-s,auge transformatiort 6 > in contrast to the conformal transformation. In this paper, we present a formulation of the Neveu-Schwarz model which is manifestly covariant under both the conformal and the super-gauge transformations. Our starting point is the new integral representation of the Neveu-Schwarz amplitude, proposed by Fairlie and Martin.7l The N-pion amplitude is where ¢£ are the elements of the Grassmann algebra; {¢£, ¢ 1 } =0 and the integral 8 > on the Grassmann algebra is defined by
In what follows, we also use the derivative of the elements of the Grassmann algebra, defined by the formula and the "G-parity" transformation ¢c~¢/ = -¢£· In the next section, we shall show that (1·1) is_ also invariant under the following -transformation which we call super-Mobius transformation:
where {(, ¢} =0 and C" 2 =0. We can easily confirm that the transformations (1·4)
together with (1· 3) constitute a group. Since the transformed variable z' in (1· 4) is not a usual number, (1· 4a) cannot be considered as the change of the integration variables. Nevertheless, it will be seen that (1· 4) .can be treated at least formally in the same way as the change of the integration variables.
In § 3 we proceed to the operator formalism in a manifestly super-gauge covariant way. In § 4 as a simple generalization of our formulation we introduce a closed-string emission vertex from the open string in the Neveu-Schwarz model. Then, we will have a unified Neveu-Schwarz model for Reggeons and Pomerons.
In § 5 we discuss the general representation of the super-M,obius group and its extension to the super-gauge algebra. Unfortunately, there will be a no-go theorem that indicates uniqueness of the representation of the super.gauge algebra, although two types of mass spectrum are still possible. In the Appendix we discuss the vertex for a closed string emission, using the ordinary languages of the string model. § 2. Super-Mohius symmetry By saying ·that (1·1) is invariant under the transformation (1· 4), we mean that the following identity for the integr11nd holds, which can be easily checked by using k/=1.
(2·1)
where z/ and ¢/ aregiven by (1· 4). Since {¢/, ¢/} = 0 and f ¢;' d¢; = f ¢;d¢; = 1, we can set d¢i' = d¢;. We note that the integrations on the transformed z/ are not defined, because the z/ is' a combination-of a usual (in general, complex) number and a nilpotent quantity. By the assumed condition the second term vanishes. Thus, (2 · 5) is proved.
To avoid confusion, we would like to add a few remarks. The identity (2 ·1) tells us that the integrand of (1·1) is invariant under the operation Gg with
This is the precise meaning .of the invariance of (2 ·1) under the super-Mobius transformation.*' In this sense, the lemma has nothing to do with the invariance of (1·1) under the super-Mobius transformation. Indeed the lemma holds for any F( {z}, {¢}) satisfying the assumed condition. It simply means that, although the integration in z' itself is not defined, we can virtually treat the transformation (2 · 4) as in the case of a usual change of integration variables, because (2 · 5) is valid.**' The lemma will be frequently used in later sections ( § § 3 and 4) in deriving super-gauge conditions. Here and in the following applications of this lemma, the assumed condition is satisfied by the. analytic definition of the dual amplitudes. The importance of the definition (2 · 3) lies in the fact ~hat the operator formalism can be thought of as a representation of the transformation (2 · 3).
Before closing this section, we note that it is · easy to construct the dual pion model of general intercept without violating the super-Mobius symmetry. The N-pion amplitude with the pion mass k 2 is given by
After ¢£ integrations, this amplitude coincides with the one proposed by Schwarz, Neveu and Thorn. 9 ' For, k 2 =0, (2·6) has desirable chiral properties. § 3. Manifestly super-gauge covariant operator formalism
In this section, we first directly transcribe the representation (1·1) into an operator representation along a similar line to the usual transition from the KobaNielsen representation to the Fubini-Veneziano 2 ' formalism .. Then, we show that the formalism is covariant under both the conformal and super-gauge transformations. Later in § 5, we give a reformulation of the operator formalism from the *' The usual. Mobius invariance of the 'Veneziano model is also expressed in the same form. **' The lemma corresponds, for example, ·to the following trivial relation in the usual analysis;
I'
where f(x) is an arbitrary integrable function and x, x' (x) are usual numbers satisfying dx' /dx
viewpoint of the representation theory of the super-Mobius group. In the conventional model, the operator representation* ' for. the Koba-Nielsen representation,
is introduced by making use of the following rel~tio~s:
where 
(3·9) Thus, we-have arrived at the following operator representation of (1·1): 
The commutation relations between the generalized Q-operator and the usual gauge operators L,. and Gm defined by
are given by
For n = 0, ± 1 and m = ± 1/2, the differential operators appeared on the r.h.s. of (3 ·13a) and (3 ·13b) are precisely the generators corresponding to the transformations-(1· 3) and (1· 4), respectively. For general n and m, (3 ·13a) corresponds to the infinitesimal conformal transformation
and (3 ·13b) corresponds to the general super-gauge transformation (2 · 4). *l The vertex operator satisfies the following relations:
From these relations we see that the operator product
and the gauge operators L,. and· Gm -realize the transformation (2 · 3):
*l This transformation is equivalently described by
which is the form written by Gervais and Sakita.
•
where fJ(g) =eta. with obvious notation. The· identity (2 ·1) corresponds to 
fJ(g)
i=2 where 
ZN-+0
.2'1-+oo _ These asymptotic states satisfy
Then, by replacing G112 in (3·19) by G112 -G_1 12 and using [Gm -Gm,,: 'exp ikQ(1, ¢):] = 0, (3 ·15b) and the lemma of the previous section, we eliminate. the G operators _ from (3 ·19) and obtain .
The coherent state, defined by 
with f"k=O· and k 2 =0. After the ¢-integration, (3·25) gives the p-meson vertex which is usually obtained by factorization or a local gauge principle:m 
satisfies*> the same Ward identities as (3 · 22):
It is perhaps use£ul to prove ( 4 · 4) using the ordinary languages of the string model without using the Grassmann algebra. We do it in the Appendix. By following the procedure of Ademollo et al.,w it is straightforward to factorize ( 4 · 2) i:p a closed string channel and confirm that the self-interaction of the closed strings is precisely described by the non-planar version 10 > of the NeveuSchwarz model. § 5. Representation of the super-Mohius algebra
The purpose of this section is to discuss briefly the general representation**> of the super-Mobius algebra and to reformulate the operator formalism of § 3 as a particular case of a general mathematical framework. Unfortunately, if we require that the representation can be extended to the full super-gauge algebra, the representation used in the Neveu-Schwarz model is essentially unique. However, since-two types of the spectrum of L 0 are possible, we may extend the Neveu-Schwarz model without violating the super-gauge structure.
The super-Mobius algebra corresponding to the transformation group given by (1· 3) and (1· 4) is defined by the following commutation and anticommutation relations:
Since the dimension of this algebra is five, it cannot be any Lie algebra; however, we see that the form of the commutation relations is analogous to the standard form of the Lie algebra. A Casimir operator can be defined by KiJ, m)=J (J-1) iJ, m), LoiJ, m)=miJ, m) .
We note that the spacing of the spectrum of L 0 is i due to the presence of the ' relations (5 · 4).
Let us classify the representations into the following four cases: The real part of the eigenvalues of L 0 have (i) the lower bound~ but do not have the upper bound, (ii) have the upper bound but do ;not have the lower · bound, (iii) have both the upper and lower bounds, (iv) have no bound. In the case (i), let the eigenvalue with the lowest real part be E. Since L+1/ J, E)= G +112 / J, E)= 0, we see that <J, EiKiJ, E)=E(E-t) =J(J-t). Thus, we can set J=E (or -E+i). In the case (ii), denoting the highest eigenvalue by F, we have J= -F (or F-t), using L_1iJ, F)=G_ 112 iJ, F)=O. In the finite dimensional case (iii), we find J=E= -F and E-F=integers. Thus .{ takes only integers and half integers. For the case (iv), the algebra gives no relation between J and the spectrum of Lo. Now, we restrict the representation to be unitary keeping our applications in mind: By unitary we mean the following .hermiticity_ condition on the generators: 
The generators of the algebra in this space are taken to be 
The operator representation on the dual Fock space is defined by introducing the following operators. 
QJE (z,
,.-z z -
which indeed constitute the super-gauge algebra. By calculating the actions of· these generators on the basis vectors, we can postulate the following forms for the Fock space representation. This formulation can be readily generaliz~d to the fermion model of Ramond. In a forthcoming paper, we will present discussion of the interacting dual fermions and the closed-string Pomerons, with an emphasis on the connection with the theory of the fermionic field in the gravitational field. (See note added in proof.)
Finally the author would .like to thank Prof. N. Nakanishi for interesting discussion on the use of the Grassmann algebra. . He also wishes to thank Prof. A. Kanazawa for his kind interest and the Japan Society for the Promotion of Science ·for financial support. Then, using (A·2) and (A·3), we can prove (4·4). Since V,. and Um are commutable with V0 and-V at equal times, the surface contributions which appear when L,. and Gm pass the vertices to the right, are canceled among themselves after all T orderings are summed up.
